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1. Express ——— in partial fractions form.
X“—2x-3

2. Evaluate the following limits, if exist.

a.

b.

w

4. Consider a function f(x) =

a.
b.
5. (a)
(b)
6 (a)

(b)

ia2 a2
Show that =X = 1 + cos x. Hence, solve S_l:osxx

xX—=2

lim
x52 x*-16

. 2-x)(x-1)
3}1—13;10 (x—3)2

= cos 2x for 0° < x < 360°.

1-cosx 1

_t

2—/x"

Find ;im f (x) and state the equation of horizontal asymptote for f.
By using the first principle of derivative, find f’(x).

Use the derivative to find the maximum area of a rectangle that can be inscribed
in a semicircle of radius 10cm.

A cone-shaped tank as shown below.

Water flows through a hole A at rate of 6 cm3 per second. Find the rate of
change in height of the water when the volume of water in the cone is 24mcm3

Polynomial P(x) has a raminder 3 when divided by (x + 3). Find the
remainder of P(x) + 2 when divided by (x + 3).

Polynomial P; (x) = x® + ax? — 5bx — 7 has a factor (x — 1) and remainder R,
when divided by (x + 1), while a polynomial P,(x) = x3 — ax? + bx + 6 has a
remainder R, when divided by (x - 1). Find the value of the constants a and b
if R; + R, = 5. Hence, obtain the zeroes for P;(x).
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7.  Consider a function f(x) = v/3 cos 2x + 2 sin 2x.

a. Express f in the form of Rcos(2x —a) forR >0, 0° < a <90° and « to the
nearest minute. State the maximum and minimum values of f.

b. Hence, solve V3 cos 2x + 2 sin 2x = —/2 for 0° < x < 180°. Give your answer
to the nearest minute.

8. The parametric equations of a curve is given by

x = e2t+1 y = e~@t-D

(a) Find Z—z and % whent = 1.
(b) Given z = x? — xy. Express z in terms of t and find %. Hence, duduce the set

value of t such that % is positive.

2|x|

9. (a) Given f(x) = -

x=07 Give your reason.

+ 5x. Compute lirggr f(x)and xlir(r)l_f(x). Is f continuous at
xX— -

(b) The continuous function g is defined by

Flx) = {\/ x, x<a

5 —
3x—1, xX=a
Find the value of a.

10. By writing tan x in terms of sin x and cos x, show that

d
— (tanx) = sec?x.
dx

2
a. Ify = tanx, find % in terms of y. Hence, determine the range of value of x

such thatii> 0for0<x<m.
dx
b. Ify = tan (x +y), find 3_2: in terms of x and y.

a
Hence, show that d—z = —cosec’2awhenx = y = a.

END OF QUESTION PAPER
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x2

1. Express — in partial fractions form.
x4—2x-3
SOLUTION
T
x2
x?—2x—-3

1

x2—2x—3i x’

x?=2x-3
2x+3

x? 2x + 3

I T
x2—2x—3 +x2—2x—3

2x+3 2x +3 A 4 B
x2—-2x—3 (x-3)(x+1) x-3 =x+1

2x + 3 _Ax+1)+B(x—3)
x-3)x+1)  (x=-3)x+1

2x+3=A(x+1)+B(x—3)
Whenx = —1

2-1D)+3=4A((-D+1)+B((-1)-3)

1=-4B
B 1
4
Whenx = 3

23)+3=4(B)+1)+B((3)—-3)

9 =44

A_9
4
2x+3 9 1
x2—2x—-3 4(x—3) 4(x+1)
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x? 2x + 3

x2—2x—3 +x2—2x—3

9 1
+4(x—3)_4(x+1)

=1
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2. Evaluate the following limits, if exist.

. x=2
a. lim——
x—2 x*—16

. (2=x)(x-1)
b. xll_l;l;) (x—3)2

SOLUTION
a. limi,f—_2 = lim ———2_—
x—2 X*—16 xXx—2 (x2+4-)(x2—4')
—1 X —2
TR+ Hx+2)(x —2)
T2+ ) +2)
_ 1
(2244242
32
b, lim 200D _ jy 2x2xtx
X—00 (x_3)2 X—00 x%—-6x+9
. —x*+3x -2
=lim

x—»0 x2—6x+9
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in2
X — cos2x for 0° < x < 360°.
1—-cosx

02
3. Show that =2—X = 1 + cos x. Hence, solve
1—-cosx

SOLUTION

sin? x 1 —cos?x

1—cosx 1—cosx

_ (1 —cosx)(1+ cosx)
- 1 —cosx

=1+ cosx

sin? x

—— = cos2x
1—cosx

1+ cosx =2cos’x—1
24 — _ =
2cos“x—cosx—2=0 ax?4bxtc=0

Lety = cosx

0 —b +Vb?% — 4ac

X

_—(ED VD -4@R)(=2)
- 20

_ 14417
==

= 1.2808,—0.7808
cosx = 1.2808, —0.7808
Since —1 <cosx <1

cosx = — 0.7808
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a = cos~10.7808

= 38.67°

Given that 0° < x < 360°
x = 180° — 38.67,180° + 38.67

= 141.33°,218.67°
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4. Consider a function f(x) = ﬁ

a. Find )}in;lo f(x) and state the equation of horizontal asymptote for f.

b. By using the first principal of derivative, find f’(x).
SOLUTION

1
2-+x

. o 1
2 lim /) = lim

f) =

=0

~ f(x) = 0is horizontal asymptote.

b. f'(0) = lim - [f(x +h) — f(®)]
1r 1 B 1
h>0hl2 —vx+h 2- x/E]

1 '(2—&)—(2—@)]
h=0h| (2—=+vx+h)(2—+x)

1[2—vVx—2+Vx+h]
h=0h|(2 —+x +h)(2—Vx).

1I[ —Vx++Vx+h
h=0h|(2 —+x +h)(2—Vx).

1[  Vx+h-vx '[(Mwﬁ)
=0k |(2=vVx+h)(2—Vx)|| Vx+h++x

1[(x+h) — (Vxvx + h) + (Vxvx + h) — (x)
no0h| (2 —Vx+h)(2 —Vx)(Vx + h+Vx)

[ h
W0k |(2 —vx  R)(2 - vx)(VE T B + V%)

] 1
= lim

0 |(2 — vz T R)(2 —vx)(Vx T + Vx)
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1
T 2—VR)(2 - Vo) x +Vx)

1
2vx(2— V)
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5. (a) Use the derivative to find the maximum area of a rectangle that can be inscribed
in a semicircle of radius 10cm.

(b) A cone-shaped tank as shown below.

Water flows through a hole A at rate of 6 cm? per second. Find the rate of
change in height of the water when the volume of water in the cone is 24mcm3

SOLUTION

(@)

10

x%+y%2 =100

y? =100 — x?

1
y = (100 — x?)2

Area of rectangle

A =2xy

1
A =2x(100 — x?)2
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— 1
u=2x v = (100 — x2)2
u’ =2 ’ 1 _l d
v ==(100 — x2)"2— (100 — x?)
2 dx
1
=—(—2x%)
2(100 — x2)2
—2x
- 1
2(100 — x2)2
—x
- 1
(100 — x2)2
dA v+ o
Iy = W' o
—Xx o
= @0 —— |+ ((100—x )z) @)
(100 — x2)2
=——— +2(100 — x?)2
(100 — x2)2
1 1
_ —2x% +2(100 — x?)2(100 — x?)2
- 1
(100 — x2)2
_ —2x*+2(100 — x?)
- 1
(100 — x2)2
_ —2x%*+200 - 2x?
- 1
(100 — x2)2
200 — 4x?
- 1
(100 — x2)2
LetZ =0

dx
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200 — 4x?

(100 — xz)%
200-4x2=0
4x2 =200

x? =50

x =450
Sincex >0

x =50

dA  —4x*+200

Ve 1
ax (100 — x?)2
1
u=—4x?+200 v = (100 — x?)2
u' = —8x v = 10100 — x2) 2L (100 — x2)
2 dx

1 1
=3 (100 — x2)72(—2x)

—X

- 1
(100 — x2)2

d’A  vu' —uwv
dx? v2

(100 — x2)2(—8x) — (—4x2 + 200) <_—x1>
(100 — x2)2

2

((100 - xz)%)

1
—8x(100 — x2)z +

x(—4x2 + 200)]
1
(100 — x2)2

2

((100 - xZ)%)
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1 1
—8x(100 — x2)2(100 — x2)2 + (—4x> + 200x)]

1
(100 — x2)2
100 — x2

—8x(100 — x2) + (—4x3 + 200x) [ 1 ]
1 _ 42
(100 — x2)2 100 =

—800x + 8x3 — 4x3 + 200x

3
(100 — x2)2

3 4x3 — 600x
- 3
(100 — x2)2

When x = V50

d24 _ 4(V50)’ — 600v50

e — = —8< 0 (max)

[100 - (v50)°]?

1

The maximum area, A4, = 2x(100 — x2)2
) 1
= 2v50(100 - V50 )’

= 2\/%(50)%
= 2v/50V/50
= 2(50)

= 100cm?
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(b)

dh
Find — when v = 24ncm3
dt
dh _dh dv
dt  dv’ dt
1

=—mr?h
v 37‘[T

) h
Sincer = —

3
() ¢
v==m(—
33

1R
—3"3

dh 3
dv  mh2
dh 3 -
dt  mh?’ )
dh 18
dt = mh?
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whenv = 24n

Ths =24
gh’ = 24m
9
h3 = 24m x —
i
=216
h=6
dh 18
dt 162
dh 18
dt  1(6)?
=—— cms™?
2
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6. (a) Polynomial P(x) has a raminder 3 when divided by (x + 3). Find the
remainder of P(x) + 2 when divided by (x + 3).

(b) Polynomial P,(x) = x3 + ax? — 5bx — 7 has a factor (x — 1) and remainder
R, when divided by (x + 1), while a polynomial P,(x) = x3 — ax? + bx + 6
has a remainder R, when divided by (x - 1). Find the value of the constants
a and b if R{ + R, = 5. Hence, obtain the zeroes for P, (x).

SOLUTION
(@ P(=3)=3
P(x) = Q()D(x) + R(x)
P(x)=Q(x)(x+3)+3
PxX)+2=Q(x)(x+3)+3+2
P(x)+2=Qx)(x+3)+5

~ R(x) = 5when P(x) + 2 divided by (x + 3)

(b) P (x)=x3>+ax?>—-5bx—7
P,(1)=0
(D3 +a(1)?-5b(1)—-7=0
1+a—-5b-7=0
a—5b=6 s (1)
Pi(-1) =R,
(-1 +a(-1)?2-5b(-1)—7 =R,
—-1+a+5b—-7=R,
a+5b=R;+8

R1=a+5b_8 ........................... (2)
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Py(x)=x3—ax?+bx+6

P,(1) =R,
(D2 —a()?+b(1)+6= R,

1_a+b+6=R2

—a+b=R,-7
Ry=—=a+b+7 (3)
(2) +(3)-

R1+R2:6b_1

Giventhat Ry + R, =5

5=6b—1
6b =6
b=1 e, 4)

Substitute (4)into (1)

a—5(1)=6
a=11
~a=11,b=1
Pi(x)=x3+11x>—5x—7 P,(x) = x4+ ax?—-5bx—7 has a
factor of (x — 1)
=(x—-1DQX)
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X +12x+7
x=1)x" +11x" = 5x -7
x’ —x?
12x* -5x -7
12x* —12x
Tx—=17
Tx—=11
0

Pi(x)=x34+11x%2 —5x -7

=(x-1Dx*>+12x+7)

To find the zeroes of P;(x)
Pi(x)=0

(x—1Dx*+12x+7)=0

x—1=0 (x24+12x+7)=0
x=1 —b +Vb? — 4ac
x:
2a

—12 ++v144 - 28
2

—-12++v116
2

=—-6++29

Hence, the zeroes of P;(x) are1,—6 + V29
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7.  Consider a function f(x) = V3 cos 2x + 2 sin 2x.

a. Express f in the form of Rcos(2x —a) forR >0, 0° < a <90° and « to the
nearest minute. State the maximum and minimum values of f.

b. Hence, solve V3 cos 2x + 2 sin2x = —/2 for 0° < x < 180°. Give your anser
to the nearest minute.

SOLUTION

(a) cos(A — B) = cosAcosB + sinAsin B

F(x) = V3 cos 2x + 2 sin 2x cos(2x — a) = cos 2x cos a + sin 2x sin «

V3 cos2x + 2sin2x = R cos(2x — a)
V3 cos 2x + 2 sin 2x = R[cos 2x cos a + sin 2x sin a]

V3 cos 2x + 2 sin2x = R cos 2x cos a + Rsin 2x sin

Rcosa=+3 (1)
Rsina=2 (2)
(D? +(2)?

2
R?cos?a + R?sin®a = (V3)™ + (2)?

R%(cos?a +sin?a) =3+ 4

R?>=7
R=+7
2)+ @)
Rsina _ i
Rcosa 3
¢ 2
ana = —
V3
a =49.11°

o f(x) =7 cos(2x — 49.11°)

Since — 1 < cos(2x —49.11°) <1

Chow Choon Wooi Page 20



QS 015/2 Session
PSPM | 2016/2017

—V7 <7 cos(2x — 49.11°) <7

. Maximum value of f = V7

~ Minimum value of f = —J7

(b)
V3 cos2x + 2sin2x = —/2 for 0° < x < 180°
V7 cos(2x — 49.11°) = —/2

V2
cos(2x —49.11°) = ——

V7
2x —49.11° = 180° — 57.69°,180° + 57.69°
2x —49.11° = 122.31°, 237.69°
2x = 171.12°, 286.80°

x = 85.56°, 143.4°
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8. The parametric equations of a curve is given by

x = e2t+1 y = e~(2t-D

©) Find2and %Y whent = 1.
dx dx?
(d) Given z = x? — xy. Express z in terms of t and find % Hence, duduce the set

value of t such that % iz positive.

SOLUTION

x = e2t+1, y =e~(2t-1

dx _ 2p2t+1 ay _ —2e—(2t-1)

dt dt
dy dy dt
dx  dt dx

1

- -(2t-1
= =2 )'262t+1

232t+1

_e_(Zt_l)

eZt+1

1
g4t

Whent =1

dy 1

dx  e*®

1

et

d’y d [dy dt
dx?  dtldx] dx

[ (- %)} o]

=[] [z
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1
44
= 4e™". [262t+1]

4e—4-t
T Jg2t+l

ze—4t
e2t+1

2
e6t+1

Whent =1

d?y 2
dx?  ebttl

_ 2
- e6(D+1

e’

z = x?—xy

— (e2t+1)2 _ (e2t+1)(e—(2t—1))

— 2(2t+1) _ p2t+1-2t+1

4t+2 _ L2

= e e
% — 4e4t+2
dt
F dz >0
or dt
4e4—t+2 >0
e4t+2 > 0

Solution set: {t:t € R}
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9. (a) Given f(x) = %+ 5x. Compute lirgl f(x) and lil’(l)‘l f(x). Is f continuous at
x-0% x—0~

x=0? Give your reason.

(b) The continuous function g is defined by

f(x):{\/S—x, x<a

3x — 1, x=a

Find the value of a.

SOLUTION

(@) f(x) =¥+ 5x

|x|_{ X, x=0
T —x, x<0

2x
— + 5x, x>0

f(X) = 2(_;()

+ 5x, x<0

_( 2+ 5x, x>0
f(x)_{—2+5x, x<0

Ji /) = Jim 2+ 5x
=2+ 5(0)
=2
Jlip £G) = lim ~2-+5
= —2+5(0)
=2
Jip £ # Jip £

lim f(x) does not exist
x—0

Since lil’I(l) f(x) does not exist, therefore f is not continuous at x =0
X
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(0) foo =Y x=a

-1, x=a

f@=3(@)—-1=3a-1

lim f(x) = 11m 3x-1=3(a)—1=3a-1

x—at

lim f(x) = lim V5—-x) =v5—a

X—a xX—a

Since g is continuous at x =a =2 lim f(x) = lim f(x)
x—at x-a~

3a—1=+vV5—-a

(Ba—-1)?= (V5 —a)

9¢’2 —6a+1=5-a

9a2 —5a—-4=0

Ya+4)(a—-1)=0

(9a+4)=0 (a—1)=0
a=-2 a=1

9
Whena =—-

g is continuous at x = a

cas—o lim £() = lim f(x)

Whena =1, 3a—-1=V5-a

3(1)—1=+5- (1)

sa=1
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10. By writing tan x in terms of sin x and cos x, show that

d 2
— (tanx) = sec*x.

dx

2
a. Ify = tanx, find % in terms of y. Hence, determine the range of value of x

such thatilz'> Ofor0<x<m.
dx
b. Ify = tan (x +y), find 2 in terms of x and y.

d
Hence, show that d—z = —cosec’2awhenx = y = a.

SOLUTION
d d (sinx
&0 = 7 (o)
u =sinx V =cCosx
u' = cosx v' = —sin x

_ (cosx)(cosx) — (sinx)(—sin x)
a (cosx)?

cos? x + sin® x

cos? x
1
cos? x

= sec’x

(@) y = tanx

d
& sec?x _
dx

=1+ tan’x
=1+ y?

d’y _ dy
dx? ydx

=2y(1+y?)
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d?y
For — >0 O0<x<m tan x
dx A

2y(1+y%)>0
Since 1 +y2 >0
2y >0

y>0

v
=

tanx >0

~ Solution interval is (O, g)

(b) y = tan (x +y)

dy ) d
a—sec (x+y)a[x+y]

dy ) dy
E—sec x+y) [1 +E]

dy ) dy
a—sec (x +y) + sec (x+y)a

dy 2 dy _
I sec (x+y)a—sec (x+y)

d
% [1—sec?(x +y)] = sec?(x + y)

dy  sec’(x+y)
dx 1—sec?(x +y)

whenx =y = «a

dy  sec’(a+a)
dx 1-—sec?(a+ a)

sec?2a

" 1—sec?2a

sec?2a
—tan?2a
1
cos?2a
sin?2a
cos?2a
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1 cos?2a
T cos22a\ sin?2a
_ 1

sin?2a

= —cosec?2a
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